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INTRODUCTION
Among the oldest types of structures with which engineers
have had to deal are those which serve to laterally restrain masses
of

earth~

or to prevent earth embankments from assuming their

natural angle of repose.

This is necessary where space is limited

or the natural slope would enroach upon other property.
structures, usually

~ailed

These

retaining walls, are subjected to forces,

both lateral and vertical due to the pressures exerted by the backfill mater_ial and any loads imposed on the backfill material.

The

first step in the design of the retaining wall is to determine the magnitude, position, and line of action of forces tending to overturn the
wall or cause it to translate.

This must be done in order that the

laws of TI?-echanics may be employed to design a structure which
will fail neither physically nor in its ability to perform the work it
is intended to perform.
The problem of determining the external forces acting on a
retaining wall has been, and is at the present time, a difficult one.
The reason for this difficulty in solving what appears to be such a
simple problem, is the variable characteristics of soils which must
be used in their natural state, as a structural material.

In steels,

a few properties such as the modulus of elasticity, the yield stress,
and Poisson 1 s ratio are sufficient to describe most of its behavior
under any loading condition.

The number of properties needed
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for an under standing of the action of soils under load are unknown,
are usually large in magnitude, and sometimes these properties
may vary with climatic conditions. (l)
The subject of determining the earth pressure on retaining
walls has been treated extensively in the early engineering literature.

Many theories have been developed by such scientists as

Coulomb, Rankine, Boussinesq, and others.

These early studies

were largely analytical in nature with very little experimental background.

Of the various theories advanced, those of Coulomb and

Rankine have been accepted and at the present time are taught in
Engineering courses dealing with the subject of earth forces, and
are referred to in accepted engineering hand-books as the correct
proceedure for determining forces acting on retaining walls due to
the pres sure exerted by the backfill material.

The equations of

Coulomb and Rankine do not -cover the case of external loading on
the surface of the backfill material.

Engineers designing retaining

walls where external loading on the backfill material may exist,
have either had to assume an equivalent surcharge or have had to
resort to one of the graphical solutions based on the above mentioned theories.

To assume an equivalent surcharge leads to solut-

ions which are erroneous, and tend to give factors of safety which
are much greater than generally used in the design of more easily
analyzed structures.
(1)

Taylor, D. W., Fundamentals of Soil Mechanics, pp. 3-4.
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REVIEW OF LITERATURE
At the present time, engineering literature is replete with
theories and details of experiments relating to the finding of pressures and forces which act on the back face of retaining walls,
due to the restrained earth in back of them.

Meanwhile, there

has been almost no work or study done concerning the magnitude and distribution of forces and pressures acting against the
walls due to loads applied over areas or lines on the surface of
the backfill material.

The writer was able to find only a very

few articles dealing with line or area load superimposed on the
surface of the backfill material.

In the published material on

this subject there were two graphicalmethods, both based upon
the Coulomb Wedge Theory, which were explained in detail and
recommended for use where such loading conditions exist.
two methods shown were the Poncelot graphical

The

solutio~~ 2 >and

the Culmann graphical solution, ( 3 )both of these methods being very
similar
fully,

~n·

content.

The Poncelot method will be described more

later in this study as a

compari:son between actual exper-

imental values and values given by the Poncelot graphical soluti on.

(2)

Taylor, D. W., Op. Cit., p. 497.

(3)

Terzaghi, K. Von.

1

Theoretical Soil Mechanics, p. 91.
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Almost no experimental work has been done in the past on
determining pressures acting on retaining walls due to external
loads applied on the surface of the backfill.

In 1929, Eo Gerber

published the results of direct measurements of the lateral pressure produced by circular and rectangular surcharges resting on
the surface of a backfill. (4 ) However, the plates w·ere so small in
cross section that it was necessary to consider them more as point
loads than area or line loads.

In 1938, M.G. Spangler of Iowa

State College published a bulletin containing experimental data concerning loads on the surface of the backfill material and the re sul5
.
~
d"1str1.b ut1on
.
t1ng
pressures an d pressure
t h ere f rom. ( ) M r. S pang-

ler's primary purpose in carrying out these experiments was to
measure the magnitude and distribution of the normal components
of the pressures transmitted to the vertical retaining wall by concentrated or point loads, how·ever, he also ran one complete test
using a line load.

The data derived from this particular test will

be used by the writer as a basis for deriving a formula to determine
the horizontal force and the distribution of pres sure exerted on the
back face of the retaining wall by this type of external loading.
(4)

Gerber, E., Untersuchungen Uber die Druckverteilung in
Ortliche Belastetem Sand. (Experiments about the distribution
of Pressure in Locally Loaded Sand) Doctors Thesis, Zurich,
Switzerland, 1929.

(5) Spangler, M.G., Horizontal Pressure on Retaining Walls Due
to Concentrated Surface Loads. Bulletin No. 140, Iowa State
College Engineering Experiment Station, 1938.

5

EXPERIMENT BY M.G. SPANGLER
A brief resume of the Spangler experiment with a line load
on the surface of a backfill behind a vertical retaining wall is
as follows:

"A series of three retaining walls were built., each

wall six {6) feet high and fifteen (15) feet long.

A number of

pressure measuring devices were placed in the back face of the
walls at various points., and in such a manner as to provide
measurements of the normal pressure on the walls at the points.
A pit run gravel backfill was placed behind each wall and carried up to the horizontal plane level with the top of the wall.
Then, a heavily loaded truck having known wheel -load concentrations was backed onto the backfill material.

The wheel loads

were considered to be point loads acting on the backfill.

For

the case of the line load the truck was backed onto a board 6
inches by 8 inches by 10 feet long, placed a distance of 2 feet
from the back face of the wall.

The magnitude and distribution

of the normal pressures on the wall were then measured." (6)
Figure No. 1 indicates the location of the gages below the surface of the backfill and also the magnitude of the pressures as
indicated by the gages.

The average curve plotted from the

experimental points was drawn by the writer.

(6) Spangler, M.G., Op. Cit., p. 26.
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DISCUSSION OF EXISTING METHODS FOR SOLUTION
From a practical design viewpoint, it has been apparent that
there is a definite need for some type of workable equation or
method of solution, which will satisfy ·actual loading conditions and
give reasonably accurate values for forces acting on a retaining
wall due to imposed loads on the backfill.

The existing equations

which are used at the pre sent time fall far short of satisfying the
need for a fundamentally correct or easy to obtain mathematical
solution.

Any earth retaining structure, such as walls of sub-

surface tanks, basement walls, head-walls, and many others may
be required to resist loads from other sources than the backfill
material.
(A)

The engineer must be able to de sign accordingly.

PONCELET GRAPHICAL SOLUTION:
As an example of the previously mentioned graphical solutions

based upon the Coulomb wedge theory, the writer has selected the
Poncelet Graphical Solution since according to Terzaghi (?) "It is the
better known and most often used of the graphical solutions. "
Figure No. 2 and 2A of this study indicates the method of solution
and a sample calculation for a line load of 400 pounds per foot.

(7)

Terzaghi, K. Von. , Op. Cit. , p. 81.
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The example Poncelet solution for a . 400 pound per foot line
load, as shown by figures 2 and 2A1 indicates maximum and minimum points of pressure at too low a point on the wall.

This falla9y

becomes even more evident when the line load is increased to a
much larger value, as shown by figures 3 and 3A.

A line parallel

to failure plane 2, when projected from the position of the line load,
intersects the wall very close to the bottom.

This point of inter-

section is the point of maximum pressure due to the line load.

A

line drawn parallel to failure plane 1 projected from the position of
the line load, intersects the wall at the point of zero pressure due
to the line load.

These points are obviously too low on the wall.

This method, which uses an equivalent weight of earth as the means
of determining the failure plane, does not take into consideration
the distance from the wall to the point of application of the load.

(B)

BOUSSINESQ EQUATIONS:
An examination of the plotted points of figure 1 indicates a de-

cided similarity between the pressure curve as found by experiment
and a pressure curve as computed from the Boussinesq equations
for the stress distribution on a vertical plane in an elastic, isotropic solid.

"Although Boussinesq never suggested the use of these

equations for solving soil problems, many investigators have utilized them for solving pressure distribution problems under point
load conditions.

( 8)

n{ 8 )

The equations are as follow:

Spangler , M . G . , Op. Cit. , p. 2 3 •
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The preceeding equations by Boussinesq apply only to point
load conditions.

By computing the pressures due to a number of

closely spaced point loads in the direction of the line load and summing them up, the integration of the equation in the direction of the
line load is accomplished and the total pressure due to the line load
is determined.

As may be noticed, the values given by the Bous-

sinesq equation are approximately one-half of the magnitude of the
values found during Mr. Spangler's experiment.

This in part may

be due to the interruption of the infinite mass by the vertical wall
and the additional shearing forces acting on the earth.

Another

point of discrepancy must be due to the non-homogeneous properties of -the earth and gravel backfill and its lack of elastic properties.

It appears to the writer, that the more homogeneous and

elastic a backfill material

is~

the more nearly correct the Boussi-

nesq equations would become for this type of problem.
(C)

SUGGESTED EQUATION BY SPANGLER:
Professor Spangler, in his bulletin, suggests a form of

equation for determining the normal pressure at any point on a
vertical wall due to a line load on the backfill material.

This sug-

gested equation is one which is based on the Boussinesq equations
with "y" in the equation as a variable.
gested equation is as follows:

A brief resume of the sug-
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p
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j
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4
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"The first factor in the preceeding equation corresponds to the
constant in the Boussinesq equation, but is considerably larger in
magnitude in these experiments because of the sudden strain interruptions caused by the wall.
xn,

This factor involves the reciprocal of

because the magnitude of restraint offered by the wall to

the normal strains within the gravel mass is greater when the
load is near the walt.

The value of the exponent "n" is prob-

ably dependent on the relative rigidity of the wall and the backfill material.

The K factor in the equation may be considered

to include the effect of the interruption of continuity and strains
within the backfill mass by the retaining wall,

the character-

istic s of the backfill material, . the area of application of the
load and other factors. rr(B)
An attempt to use this equation for practical design purposes, without extensive field experiments, trials and measurements necessary to determine the empirical K and n factors,
would be most difficult and expensive.

Curves plotted from

values determined by use of the Spangler and Boussinesq equations are shown later in this paper to compare them with the
writers equation and curve for the line loading condition.

(8) Spangler, M.G., Op. Cit., p. 32.
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(D)

DERIVATION OF NEW EQUATION:
As previously stated, there is. a definite need for an equation

which will give reasonable and accurate values for the pressure,
pressure distribution, location of

~nter

of pressure, and the total

horizontal force acting on a retaining wall with a superimposed line
load on the backfill material.

It should make no difference whether

the equation be theoretically perfect or empirical in form as long
as the results are such as to give values within a reasonable percent of the true values.
In the classical Coulomb wedge theory, as shown by the Poncelot graphical solution in this paper, the distance from the load to
the back of the wall made no difference in the magnitude of the
pressure or total normal force transfered to the wall by the backfill mass.

It is the writer's opinion that this is not the case, since

in any material whether completely elastic or even partly so, a
basic knowledge of mechanics of materials would indicate that the
stresses must vary somewhat as this distance varies.
The Boussinesq equation seems to have much merit for this
type of problem.

Although the pressures as shown for this partic-

ular problem are very small, due in part to the reasons previously
stated, the shape of the pres sure curve does follow the general
shape of the curve plotted from the experimental data.

This equa-

tion would be inore a ccu rate for the more elastic, cohesive soils
such as clays and loams.
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The equation as suggested by Mr. Spangler is of the same form
as the Bous sine sq equation except for the empirical constants K and
n.

This equation would seem to be the answer to the problem under

consideration except that the empirical constants themselves are
most difficult to find.

These constants are relative in character and

a great number of tests on various soils would have to be made in
order to arrive at some values to substitute into the equations in
place of these letters.
Terzaghi, in his discussion of stresses and displacements
resulting from a point load on a semi-infinite solid with a horizontal

surface~

states that "If one computes by means of the Boussinesq

equations the principal stresses produced by the point load one finds
that the direction of the largest principal stress at any point intersects the horizontal surface of the mass in the immediate vicinity
of the point of application of the· load. n(9)

It is on this statement by

Terzaghi, that the writer has based his assumptions for the derivation of the following equations.
If it is assumed that the direction of the principal stress at
any point M on the wall, intersects the top of the backfill material
in the immediate vicinity of the load W, then this direction will
define a possible plane of failure or impending motion of the backfill material.

Therefore, these possible failure planes may occur

between any depth M on the wall and the line load.

(9)

Terzaghi, K. Von., Opo Cito, p. 384.
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Since it is recognized that friction forces occur in soils when
motion impends along some plane, then the planes of impending motion are limited by the

angl~

of friction so that they may only occur

between the angleq> and 90 degrees.

Coefficients of friction for

many soils are published in texts and hand-books or they may be
arrived at by experimentation.
To determine the total force. H acting on a vertical retaining
wall, a plane of sliding is assumed to occur between the lowest
point on the wall and the point of application of the line load.

By

statics the force H necessary to hold the body in equilibrium may
be determined.

The force necessary to hold the body in equilib-

rium is then the total force imposed on the wall by the body in
impending motiono

Figure 4 indicates the various planes referred

to in the derivation and figure 5 shows the plane of sliding, the body
impending motion and the various forces acting upon it.
Before statical computations can be made to design the retaining wall the location of the force H acting on the wall must be
determined.

Also, in order that the pressure curve from this

method may be compared with the pressure curves as found by use
of the Boussinesq, Spangler, and Poncelet methods, the equation
for the pressure at any point must be derived.
derivation is as follows:

The mathematical

20

NOTATION

M

=

Distance from top of wall to the depth where the pressure
is required.

D

=

Horizontal distance from the back face of the wall to the
posit ion of the applied line load.

~

=

Angle of internal friction of the backfill material.

A

=

D tan <l>

.Q.

= Angle between a horizontal plane and the plane of slidingo

U'

=

Coefficient of friction between the back face of the wall and
the soil particles.

C

=

H ·=

Vertical infinitesimal distance on the back face of the wall.
Total horizontal force on the wall due to the line load.

P

=

Pressure in pounds per square footo

CP

=

Center of pressure for the pressure curve.

W

=

Applied line load in pounds per foot.
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DISCUSSION AND CONCLUSIONS
The preceeding curves, as drawn from the various

equations~

serve to compare the existing methods with that proposed by the
writer.
The Bous sinesq equation gives values which are too small in
the upper portion of the curve.

This, or course, is the crucial

portion of the pressure diagram since the maximum pressure occurs
at this position and when it is too small the position of the resultant
total force will be too far down on the wall.
The Spangler equation gives results which are very well in
line with the average curve, and as stated before, if the empirical
constants were more ea_sily evaluated this would be the best solutiono
The writer 1 s equation at first glance seems to give pressures
which are too large by a few pounds per square foot throughout the
lower portion of the curve and values which are much too large at
the top of the curve.

The abrupt interruption of the pres sure curve

at the point A on the wall is not logical in any mass which may be
even partially cohesive in its physical make-upo
Cohesion is a fundamental characteristic of most soils and
should be taken into consideration in some instances when finding
the pressure transmitted through a soil mass by an imposed load.
Cohesion may be defined as the internal attraction of the soil particles for each other and is a variable characteristic dependent upon
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the moisture content and the density of the soil mass.

A clean dry

sand or gravel mass may have no cohesion between grains and a
moist clay or loam mass will have a great deal of chhesion present.
The one very important characteristic concerning cohesion, which
the writer considered very carefully before attempting the derivation of the equation, is that the cohesion in soils such as are usually
used in backfilling may disappear as the water content of the soil
mass increases.

Therefore, the equation was derived without this

factor appearing in it.

Since some cohesion must have been present

in the backfill material used in the Spangler

experiments~

this

explains why the derived equations give pressure values larger
than those actually measured.
This same characteristic may be the cause for the curve
shown by experiment to have values for pressure above the point A
on the wall.

With cohesion, a deformation at one point in a mass

will cause a resulting deformation in the point adjacent.

Therefore,

some pressure may be transmitted through the soil itself to points
above the point A.

The rapidity with which the curve reaches a

zero pressure after passing point A indicates that this may be what
actually occurs.

The fact that the experimental points indicate a

negative pressure at the very top portion of the wall, actually a
relief from the pressure exerted by the weight of the backfill material, gives further proof that some cohesion existed in the soil
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mass behind the retaining wall since this is the only explanation
for such a material being able to withstand a tensile stress.
The equation as derived is simple to execute when real numbers are substituted.

The Boussinesq and Spangler equations, in

their present form, make it a tedious job to find the total force
acting on the wall and even more tedious to find the center of pressure of the pressure distribution curve.

To find the total force

acting on the wall requires finite integration and to find the center
of pressure requires the moment of each small area of the pressure
curve multiplied by the moment arm and the total divided by the
total force.
The derived equation plots a curve which follows the shape of
the experimental curve, the shape of the Boussinesq and Spangler
curves, very well up to the point A on the wall.

The derived equation

is for a maximum condition when the cohesion is zero which explains
why the curve is larger then the comparative curves.
The equation may be used to determine the total horizontal
force, the pressure distribution diagram, and the center of pressure
for an area load problem.

This may be done by considering the area

load as a series of closely spaced line loads and by using the principle
of superposition to determine the required data.
It is the writer 1 s opinion that the derived equation, when used
with impunity, will give reasonable de sign information to the engineer
without safety factors which are too large or too small.
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